Vibration suppressors are used to change the natural frequency of an elevator rope and prevent resonance. The displacement of the parts of the elevator rope at both the ends is small compared to that of the center part of the rope; therefore, it is not necessary to position the vibration suppressors in the parts on either ends. The elevator rope is generally modeled using a string, and linear string vibration is well researched. However, the vibration of the string equipped with vibration suppressors encounters geometric nonlinearity, and hence, its characteristics have been studied under a few conditions. Furthermore, in the case in which the vibration suppressor is located in the center part of the string, no exact solution has yet been obtained for the free vibration of the string. In this paper, an exact solution is presented for the free vibration of a string when the vibration suppressors are located in the center part of the string. In the analysis for determining the exact solution, the problem of free vibration with vibration suppressors is transposed to a problem of forced vibration. Further, to verify the validity of the exact solution, a finite difference analysis of the string vibration with vibration suppressors is performed. The calculated results obtained from the finite difference analysis are in good agreement with the results of the exact solution.
Introduction
As building heights increase, longer elevator ropes become necessary. High-rise buildings have lower natural frequencies than conventional buildings. Consequently, in high-rise buildings, the elevator rope may resonate with the natural frequency of the building and may collide with and damage hoistway equipment. To prevent this problem, the elevator should be driven within a certain limit depending on the sway of the building. Thus, to improve the driving efficiency and safety of the elevator, the rope sway should be reduced.
Some studies have been conducted on reducing the lateral vibration of an elevator rope, for example, studies on a control method that considers the time-varying rope length (Otsuki et al., 2002) , a reducing method for the movement of the cage location to avoid resonance caused by the sway of the building (Watanabe al., 2007) , a non-contact control method using a permanent magnet (Katsuno et al., 2007) , and another reducing method using a damper attached to the compensating sheave (Nakagawa and Arai, 2012) . To reduce rope vibration, vibration suppressors that physically restrain rope displacement are used in elevator systems (Nakagawa et al., 2005) (Kimura and Nakagawa, 2007a) .
As shown in Fig. 1 , the elevator rope is composed of a main rope and compensating rope, and the cage and counterweight are hung from the main rope. A compensating sheave and compensating rope ensure that tension is maintained on the main rope. Vibration suppressors are located between the cage side rope and counterweight side rope. Vibration suppressors not only physically restrain rope displacement but also change the natural frequency of the rope to avoid resonance.
Hiroyuki KIMURA* and Takahiro FUJITANI** One of the present authors has analyzed the vibration of an elevator rope equipped with a vibration suppressor using numerical calculations, assuming that the rope is a string. The effects of the vibration suppressor greatly depend on the suppressor position, number of suppressors used, and gap between the string and suppressor (Kimura and Nakagawa, 2007a) . Linear string vibration is well researched. However, the vibration of the string equipped with vibration suppressors encounters geometric nonlinearity, and hence, its characteristics have been studied under a few conditions. To gain an understanding of rope sway, the free vibration of the string with vibration suppressors has been studied ( Fig. 2) and exact solutions have been obtained (Kimura, 2013 (Kimura, , 2016b . The effects of the gap between the string and vibration suppressors and the number of suppressors are presented for the case in which the vibration suppressors are uniformly installed (Fig. 2(a) ) (Kimura, 2013) . In addition, the effect of the position of vibration suppressors is presented for the case in which the vibration suppressors are installed at distances 1/N from both the ends of the string (Fig. 2(b) ) (Kimura, 2016b) .
The displacement of the parts of the elevator rope at both the ends is small compared to that of the center part of the rope; therefore, it is not necessary to position the vibration suppressors in the parts on either ends. However, in the case in which the vibration suppressor is located in the center part of the string, no exact solution has yet been obtained for the free vibration of the string.
This study determines the exact solution for the free vibration of a string when the vibration suppressors are located 
Initial rope displacement and positions of vibration suppressors
in the center part of the string, as shown in Fig. 3 . The rope tension in actual elevator ropes is not uniform because of rope weight. However, we assume that the rope tension is uniform to obtain the exact solution. In addition, a finite difference analysis of the string vibration is performed to verify the validity of the exact solution.
Analytical method 2.1 Exact solution
This study determines the exact solution for the free vibration of a string that is released after an initial displacement, as shown in Fig. 3 . Vibration suppressors are located between
Here, , , p q N are positive integers. The number of vibration suppressors is 1 q  , which implies that the region occupied by the vibration suppressors is less than 1/3rd of the string length. The position of the vibration suppressors depends on the ratio  , but it is useful to obtain the theoretical solution for studying the vibration characteristics when the region occupied by the vibration suppressors is less than 1/3rd of the string length. The position where the string is pulled (hereafter called the "pulled position") is located in the center part of the string. Assuming that the string tension is constant and the initial velocity of the string is zero, the initial displacement is expressed as follows: (1) where L is the string length, x is the coordinate of the string, u is the string displacement, and max u is the initial displacement at the pulled position.
The constraint condition for the vibration suppressor is expressed as follows:
where j x is the position of the vibration suppressor, 0  is the gap between string and vibration suppressor,  is the ratio of the gap 0  to the pulling displacement ( 0 max / u   ), and L is the string length at the rope collision point ( (1 )L   ).
Zero gap between the string and the vibration suppressor
The wave propagation in the string is shown in Fig. 4 , where N is equal to 10 and 0  is equal to zero. The displacement distribution around the vibration suppressor is also indicated in the figure. In this case, 4, 2 p q   , and the number of vibration suppressors is 3( 1) q   . The straight lines in Fig. 4 indicate the wave propagation in the string. The wave from point A ( 0 t  ) propagates to the right and left and is reflected from both the ends of the string, Then, the load acting on the vibration suppressor from the string becomes zero at points B' and D'. The string collides with the vibration suppressor again at point E. At point C, both the sides of the string exceed the position of the vibration suppressor. Then, the load acts again at points C and E. Lastly, the string apart at points C' and E'.
The load acts on the vibration suppressor between points B and B' (D and D') and between points C and C' (E and E'), as shown in Fig. 4 . Figure 5 shows the time history of the load. The amplitude of the load is constant because the angle of the string during collision is constant (Kimura, 2016a) . The same load acts on the string from the vibration suppressor. Times , ,
T T T are expressed as follows, considering the wave propagation shown in Fig. 4 .
where 0 n T is the natural period without the vibration suppressor. Thus, the natural period n T and natural frequency n f are expressed as follows:
where 0 n f is the natural frequency without the vibration suppressor. The magnitude of the load ( T . The magnitude of the load acting on all the vibration suppressors is the same because the inclination of the string right after the collision is the same as the initial string inclination. In addition, there should be no energy loss due to collision. Because the load ( ) f t is an even function (Fig. 5) , the Fourier series expansion of ( ) f t is obtained as follows:
Therefore, the problem of the free vibration with vibration suppressors can be transposed to a problem of forced vibration on a concentrated load, which is expressed in Eq. (9). This concentrated load acts at 
The solution corresponding to the remaining terms of Eq. (9) is obtained as follows by applying the solution to a forced vibration where a sinusoidal load acts in the center part of the string (Yasuda, 2000) .
When Eq. (11) is calculated in the same manner as that in the case of r N m   and
u becomes infinite because the value of the denominator in the series becomes zero. However, when the denominator is zero, the numerator becomes zero; therefore, 2 j u will not actually become infinite. 
Non-zero gap 0 
Next, we consider the case in which the gap 0  is not limited to zero. Figure 6 shows the propagation waves of the string after the string is released. Figure 6 is different from Fig. 4 in terms of the collision time (the position of points B and D). The load acting on the vibration suppressor is shown in Fig. 7 . Thus, as noted in the previous paragraph, the exact solution is obtained as follows:
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Therefore, when the gap 0  is not limited to zero and the vibration suppressors are located in the center part of the string, the exact solution for the free vibration of the string is expressed as follows:
Equation of motion and finite difference analysis
Assuming that the string length and tension are constant, the differential equation of the string can be expressed as follows:
where x is the coordinate of the string, A  is the mass density per unit length, C is the damping coefficient per unit length, and 0 T is the string tension. This study investigates the free vibration of the string when the vibration suppressors are located in the center part of the string. A numerical analysis is performed using the following difference equation (Kimura et al., 2007b (Kimura et al., , 2008 , which is derived from Eq. (24): ). The string is divided into a number of parts ranging from 520 to 1400 so that wind points can be represented correctly, and the time step 0 / n t T  is chosen as 0.0005 for the calculation.
Results and discussion 3.1 Load acting on the vibration suppressor
An example of the results of the load acting on the vibration suppressor calculated using Eqs. (9) and (19) is shown in Fig. 8 . In the figure, the natural period of each case are also shown. The figure shows that the load acts twice during one natural period. Moreover, when N and  become large, the load acting time B T becomes short and the natural period becomes long as shown in Eqs. (15) and (17). The number of the terms k goes up to 256 in the calculation of the load in Eqs. (9) and (19).
String displacement distribution and time history of the string displacement
Figures 9 -16 show the displacement distributions during one natural period and the time history of the string displacement after the string is released. In Figs. 10, 12, 14, and 16, the calculated results using the exact solution and finite difference analysis are plotted using solid lines and dashed lines, respectively. Both sets of results are in good agreement. A slight difference between the results seen in Fig. 16 , but this difference is caused by an error in the T is the natural period of the string without the vibration suppressor. This means that when a gap exists between the string and suppressor, the natural period of the string becomes long.
Natural frequency
When the vibration suppressors are located in the center part of the string, the natural frequency of the string depends on the parameters N and the gap 0  between the string and vibration suppressor. The calculated results representing the effects of the parameters N and
on the natural frequency of the string with the vibration suppressor are shown in Fig. 17 . In the figure, the natural frequency of the string with uniformly installed vibration suppressors (Kimura, 2013) are also plotted. The figure shows that the use of vibration suppressors located in a region that is approximately 1/3rd of the string length causes the natural frequency of the string to increase by up to 1.5 times, whereas the use of uniformly installed vibration suppressors causes the natural frequency of the string to increase by up to 2 times. However, even when the region occupied by the vibration suppressors is less than 1/3rd of the string length, it is possible to avoid resonance. Rope displacement obviously increases until the rope collides with the vibration suppressor. However, after this collision, the rope displacement does not increase because the natural frequency of the rope changes. . This implies that the region occupied by the vibration suppressor is less than 1/3rd of the string length. A finite difference analysis of the string vibration is also performed considering the vibration suppressor. The following results are obtained:
(1) The exact solution for the free vibration of the string when the vibration suppressors are located in the center of the string is obtained, using the Fourier series expansion of the load acting on the vibration suppressors. (2) The exact solution is confirmed by the calculation based on the finite difference analysis. (3) The use of vibration suppressors causes the natural frequency of the string to increase by up to 1.5 times. It is found that even when the region occupied by the vibration suppressors is less than 1/3rd of the string length, it is possible to avoid resonance.
